The effective dynamics of loop quantum f (R) cosmology in Jordan frame is considered by using the dynamical system method and numerical method. To make the analyze in detail, we focus on R 2 model since it is simple and favored from observations. In classical theory, (φ = 1,φ = 0) is the unique fixed point in both contracting and expanding states, and all solutions are either starting from the fixed point or evolving to the fixed point; while in loop theory, there exists a new fixed point (saddle point) at (φ 2/3,φ = 0) in contracting state. We find the two critical solutions starting from the saddle point control the evolution of the solutions starting from the fixed point (φ = 1,φ = 0) to bounce at small values of scalar field in 0 < φ < 1. Other solutions, including the large field inflation solutions, all have the history with φ < 0 which we think of as a problem of the effective theory of loop quantum f (R) theory. Another different thing from loop quantum cosmology with Einstein-Hilbert action is that there exist many solutions do not have bouncing behavior.
I. INTRODUCTION
Since the development of observational cosmology and astrophysics in recent years, such as Cosmic Microwave Background(CMB) [1, 2] and Supernovae surveys [3] , some modified theories of gravity, such as Brans-Dicke theory [4] , braneworld [5] , Einstein-Aether theory [6] ,etc, have be studied in variant ways in the literature. The f (R) theory [7] is a relatively simple theory among these modified theories, and it has been shown that Starobinsky model [8] , a special model of f (R) theory, is a candidate inflation model to fit the observations of CMB [2] .
Although f (R) theories may give a unified description of early-time inflation with late-time cosmic acceleration, they also inherit the big-bang singularity as in classical general relativity, which means the dyanmics of these modified theories of gravity are not complete. One the other hand, it is widely believed that the quantum effect of gravity can avoid the bigbang singularity, and loop quantum gravity (LQG) [9, 10] is such a promising theory of quantum gravity which is nonperturbative and background independent. It has been shown that loop quantum cosmology (LQC) [11] [12] [13] , the cosmological application of LQG, replaces the big-bang singularity by a big-bounce thus solves the initial singularity of general relativity. So trying to insert loop quantum correction into f (R) cosmology is an interesting work.
Loop quantum gravity is based on connection-triad variables, and since f (R) theory is a higher-derivative theory, one needs to introduce other variables besides the connection-triad variables. It has been shown that [7] f (R) theory can be transformed into a special theory of Brans-Dicke theory with a potential for the effective scalar field where the scalar field and its conjugate momentum could be viewed as the other variables. The connection-triad formulation of Brans-Dicke theory has been derived, and the full theory of loop quantum f (R) theory also has been constructed in the work of Zhang and his * Electronic address: chen˙long@mail.bnu.edu.cn collaborations [14, 15] . In this paper, we want to study the cosmological part of loop quantum f (R) gravity, and for explicity, we will consider the Starobinsky model, i.e., the R 2 -model with f (R) = R + R 2 6µ 2 in detail. There exists a conformal transformation can cast BransDicke theory into an theory of a scalar field minimally coupled with geometry, i.e., Einstein theory with a scalar field, and thus the theory can be loop quantized directly. We call the theory quantized in this frame the Einstein frame theory, and call the loop quantum theory without conformal transformation the Jordan frame theory. Works on loop quantum f (R) cosmology based on Einstein frame [16, 17] or on Jordan frame [18] [19] [20] both can be seen in the literature. But in the viewpoint of loop quantum theory, geometry is quantized and whether making a conformal transformation before quantization or not would give different quantum theories. In the current work we use Jordan frame since Jordan frame is closer to the original f (R) theory. Although some works on Jordan frame have been given in the literature [18] [19] [20] , we find the dynamics of cosmos before bouncing is not studied in detail especially there exists a sign problem of the variable cos b that has not been addressed.
The structure of the paper is as follows: In Sec II, we first gives some general aspects of classical f (R) cosmology, and for compariasion with loop theory, we also consider the dyanmics of R 2 theory in detail. In SecIII, we give the effective equations of loop f (R) theory, and analyse the dynamics of R 2 theory by the dynamical system method and numerical method. In SecIV, some discussions and conclusions are given.
II. CLASSICAL THEORY OF f (R) COSMOLOGY
In this section, we first present some results of connectiontriad form of f (R) gravity, and the cosmological dynamics of f (R) cosmology in classical theory, then focus on an important example, R 2 model in detail. Note that in this paper we take c = 1 = 8πG.
where γK 
and the variables of scalar field are
where ( 
In cosmological part, the first three terms in the constraint density (2) are canceled by each other, and the total Hamiltonian constraint becomes
By the canonical equations and the constraint equation, one can get the Friedmann equation in f (R) cosmology,
where H :=ṗ 2p is the Hubble constant.
The dynamical equation of scalar field also can be derived asφ
Note that we will restrict the scalar field's region to φ > 0 since from the full theory, φ appears in the denominator of the Hamilton's constraint (2) , and thus in above Eq. (7), we introduced an "energy density":
which is inspired by the theory in the Einstein frame and the evolution of ρ is
From Eq. (7) and since V(φ) is generally positive, we will find this expression is generally sign fixed which will help analyzing the dynamics of the system.
In this paper we focus on the model with f (R) = R + It is easy to find the potential V(φ) of the scalar field in Brans-Dicke theory of R 2 model is
and then the Friedmann's equation and the dynamical equation of scalar field are
The right hand of Friedmann equation is positive except the point (φ = 1,φ = 0), which is a fixed point from the equation of scalar field (13) . This means for a solution which is not a fixed point, it must have H = H + forever or H = H − forever, where
Moreover, one can find (i) the solution space of the system is time-inverse invariant: if φ(t) is a solution, thenφ(t) := φ(−t) is also a solution; (ii) and if φ(t) has H = H + 0, then its time-inversionφ(t) has H = H − 0. So in the following, we only consider the solutions having the property H = H + , and other solutions can be derived by time inversion.
To analyse the dynamics, we rescale the time variable and introduce new variables:
The dynamicial equations of x, y are
where the prime is for
It is interesting to note that these equations are independent on the model parameter µ, thus we know the dynamics of all R 2 models with different µs are similar. Note that we will find loop theory does not have this property.
The energy density becomes ρ = 3 4 µ 2 (x 2 + y 2 ), and its evolution is
From the dynamical equations (16), one can find the fixed point (φ = 1,φ = 0), i.e., (x, y) = (0, 0), is the unique fixed point. And since ρ decreases as time flows and the minimum of ρ is taken at the unique fixed point, we know (x, y) = (0, 0) is an asympotic stable fixed point and all solutions will evolve to it. To get more information of the system, one needs to solve the dynamical equations (16), and the results of numerical solutions are shown in the Fig.1 . In the figure, we also plot the slow-roll solution, which can be derived as follows. In the case of large field limit, slow-roll approximations require (i) potential dominates energy ( |y| x) and (ii)φ varies slow making y small compared to the other two terms in the second equation of Eq. (16) . The slow-roll approximations transform the dynamics equations (16) into the slow-roll equation y = − 2 3 (1 − x). Recall that if one wants to get the solutions with H = H − 0, just takes the transformation:
III. EFFECTIVE THEORY OF LOOP f (R) COSMOLOGY

A. general considerations
In this section, we consider the LQC correction to f (R) cosmology. In loop quantum theory, one uses holonomies of edges and the fluxes on some 2-dim surfaces, instead of connections and triads. The loop quantum construction of f (R) cosmology or Brans-Dicke cosmology has been derived in Ref. [18, 19] , and in this paper we consider the effective theory with holonomy corrections. Effectively, the holonomy correction is equivalent to do the following replacement in the constraint (6): 
As in the literature, it is convenient to introduce ρ c = 
By the canonical equations and some direct calculations, one can simplify the constraint equation as
where we introduced the energy density:
which is different from the classical theory's energy density ρ, and the relation of the two is ρ eff = φ 3 ρ. From the Eq.(21), one can get ρ eff ρ c , and one may think ρ eff = ρ c is just the bouncing point like in LQC with ordinary scalar field, but we will find it is a necessary condition but not a sufficient condition.
The Hubble variable H =˙v 3v in the effective theory satisfies
To compare the Hubble variable's equation (23) with the Friedmann equation (7) in classical theory, one can get
Since cos
, we can find when ρ eff ρ c and cos b > 0, the Friedmann equation of effective theory closes to classical theory(cf.Eq. (7)), but those cases with cos b < 0 do not close classical theory. The equation of scalar field is also modified
From the Friedmann equation and the equation of scalar field, we have known loop quantum f (R) cosmology needs more conditions to get classical theory than the LQC with EinsteinHilbert action, where the energy condition ρ ρ c is enough to get classical theory.
Since the potential function of scalar field is not given explicitly, the dynamics of the theory can not be analysed in detail, and we consider the R 2 model in the next subsection.
The potential of scalar field in R 2 model is given by Eq. (11), and we also make some rescalings:
Then the constraint equation (21) becomes
whereρ := y 2 + φ(φ − 1) 2 , and = 1 is chosen to fit with the observations [2] . The Hubble variable satisfies
and the dynamical equations of scalar fields are
To solve the system, we view (φ, y) as the dynamical variables, and b is not viewed as a dynamical variable since the Eq.(27) almost determines b except the sign of sin b and cos b. And for sin b, we find the sign of sin b never changes sinceρ 0 where '=' only happens at the fixed point (φ = 1, y = 0)(cf. Eq.(29),(30)). Moreover, the same with classical theory, the space of solutions also has the property of time-inverse symmetry: (φ(τ), y(τ), b(τ)) → (φ(−τ), −y(−τ), −b(−τ)). Thus we can safely only consider the subset of the solution space where every solution (except the fixed point) has
which makes b ∈ (0, π). After this, we can split the range of b into 0, π 2 and π 2 , π , then consider each part separately thus the sign of cos b = ± 1 − ρ is also solved.
In the following, we first consider the behavior near b = π 2 since it is related to bouncing states, then we try to find all fixed points and analyze the dynamics near those fixed points. The singular edge φ = 0 is important to the system, and we will analyse the dynamics near the singular edge φ = 0. After these analytical analyses, we confer to the numerical method. It may be noted that the analytical analyses will help to the numerical analyse since the complexity of the system. 
we know the points with y < 0 and b = π 2 are the bouncing points. Fig.3 gives solutions of this case. But for the solutions with y > 0 at b = π 2 , they evolve from expanding states to collapsing states. The case(b1) in Fig.5 gives such a case.
The fixed points and the dynamics near them
The fixed points and the behavior near the fixed points can help to understand the global behavior of a dynamical system. In this part, we consider related problems.
Fixed points satisfy the equations
There are three solutions of these equations. Two of them are easy to find, which also appear in classical theory: (φ = 1, y = 0) with b = 0 or π. There is a new fixed point satisfying y = 0 and φ + 1.] The appearance of new fixed point makes the dynamics more complicate than classical theory.
Next we consider the stability of these fixed points or the behaviour near the fixed points.
(i) 1st fixed point: (φ = 1, y = 0) with b = 0. Inspired from classical theory, there is a Lyapunov function ρ := ρ eff φ 3 which is positive except the fixed point. It can be shown that near this fixed point, ρ decreases as time flows (by Eq.(27),(32)):
so this fixed point is asymptotically stable and a sink of the system, which is the same with classical theory.
(ii) 2nd fixed point: (φ = 1, y = 0) with b = π. The function ρ = ρ eff φ 3 is not a Lyapunov function since the dynamics of loop theory is quite different from classical theory when cos b < 0. Thus we need to consider the dynamical equations near the fixed point. Let x = φ − 1 and introduce the polar coordinates x = r cos θ, y = r sin θ, then the equations of r, θ are approximated as
The first equation gives that θ decreases as time flows. Then by the second equation, one can find after a period of θ, i.e., θ evolves from θ 0 to θ 0 − 2π, r would increase,
This proves that the fixed point is asymptotically unstable and a source of the system. Note that we also can use this method to analyze the stability of the 1st fixed point which gives the same result as above.
(iii) 3rd fixed point: φ =φ 
3 and c ± ∈ R. Since λ + > 0, λ − < 0, we know this fixed point is a saddle point.
Since there are only one source (in collapsing world) and only one sink (in expanding world), one may think if there exists no limit cycle, then all solutions, except the fixed points and the critical solutions ±g ± (here and later, what we say ±g ± is to mean the global solutions of φ = ξ +φ, y = η where [ξ, η] T ±g ± when the points are near the saddle point.), would start from the source and evolve to the sink, like the dynamics in the LQC of Einstein-Hilbert action [23] . However, we will find this is not the case. The problem is the region φ > 0 we restrict to is not dynamically closed, i.e., many solutions are from φ < 0 and cross the singular edge φ = 0 to φ > 0 which is shown in the following part. 
In the case of y < 0, we have dy dτ → ±∞ when φ → 0 + , so no solution can cross the edge φ = 0. However for the solutions with y > 0, dy dτ is finite when φ → 0 + which means there exists solutions can cross the edge φ = 0 from φ < 0. We think this is a bad thing and it is not a special thing of R 2 theory but common for the general f (R) theory where dφ dt − 2V 3 (1 − 3 cos b) whenφ > 0 and φ → 0 + . Note that φ = 0 also can be crossed in classical theory, but from the definition of energy density(9), these points of φ = 0 are related to the singularity of the universe with ρ = ∞.
Since φ = 0 is not the dynamical edge of the system, when we try to get the total phase portrait by numerical analyze as in the following subsubsection, we need be careful of the edge of φ = 0.
Numerical analyze
The critical solutions ±g ± related with the saddle point can grab the global behavior of the phase portrait, so we first consider the behaviors of these four solutions, which are given in Fig.2 , where for pretty plotting we choose σ = will be given in the last of this subsubsection whose results are not quite different. , φ = 0). The two solutions ±g + restrict the solutions starting from source (1, 0) can only bouncing at 0 < φ < 1. We also show the initial points (at φ = 0) of the three classes of solutions: (a1), (a2) and (a3).
From Fig.2 , we know: (1) the solution −g − starts at (φ = 0, y = 0.793) with cos b < 0; (2) g − starts from the source (1, 0) with b = π; (3) g + evolves over the source (1, 0) to (1.188, 0) and bounces at φ = 0.344 < 1, then evolves to the sink (1, 0); (4) −g + bounces at φ = 0.192 and also evolves to the sink (1, 0); (5) one important thing is that the two solutions ±g + together with the boundary ρ = ρ c make a closed region where the source (1, 0) sits in which means all solutions starting from the source will bounce at φ ∈ (0.192, 0.344) ⊂ (0, 1), which also means all of these solutions are not large field inflationary solutions.
By these four critical solutions and the source point (1, 0), we know there are three classes soluitons whose initial values are classified as (a1) φ = 0, φ ≡ y > 0.793 with cos b < 0; (a2) φ = 0, 0 < φ < 0.793 with cos b < 0;
Each a typical solution of these three cases are shown in Fig.3 .
These solutions don't cover all the bouncing points on the boundary ρ = ρ c , since in case (a1), even we let φ (0) be the maximum φ max , it only bounces at φ 2.808 < φ max (see Fig.4 ). We find for those solutions bouncing at φ ∈ (2.808, φ max ), the initial values would have cos b > 0 at edge φ = 0. But these solutions are also not all cases and only cover initial values φ > 3.745 with φ = 0, and the solution of initial value (φ = 0, φ = 3.745) with cos b > 0, bounces at φ max . So we find the initial values with cos b > 0 are split into two classes(see Fig.4 = 0.3) Two critical solutions: one starts at φ = φ max and bounces at φ = 2.808, the other one starts at φ = 3.745 and bounces at φ = φ max . We also show the initial points (at φ = 0) of the two classes of solutions: (b1) and (b2).
Things are qualitatively same for the real model where σ ≡ µ √ ρ c ∼ 10 −6 with ∼ 10 −12 , and we only gives the behaviors of the critical solutions in Fig.6 and Fig.7 . In Fig.6 , for pretty plotting, we use the Poincare's sphere method [21, 22] to map twice (the first one is not bouncing point and the second one is) while the solution of (b2) never bounces.
(x ≡ φ − 1, y) into (u, v):
and v := y
since the values of φ and φ can be quite large with order of 10 4 and 10 6 while the fixed points are of order 1. Quantitatively, the solution g + evolves over the source and bounces at φ = 0.004 which is much smaller than the previous case, so the solutions from source are also not inflation solutions while other solutions, including inflation solutions, have the history with φ < 0. From the critical solutions in Fig.7 and the analyze of the case σ = 0.3, we know that for the solutions whose initial values are φ = 0, φ > 1.099 × 10 6 with b < π 2 , they will bounce at φ ∈ (9523, φ max ), and for the solutions with initial values of φ = 0, φ < 1.099 × 10 6 , no bouncing phenomenon happens.
Let's make some comments to end this section: There are five classes of solutions of this system (not including the critical solutions). Only case (a3) has the similar property with loop theory in Einstein-Hilbert action, i.e., the universe starts from low energy density, bounces at some point, and then goes back to low energy density state. But these solutions do not belong to large field inflation models, since they bounce at low values of the field φ. On the other hand, those large field inflation solutions are in the cases of (a1), (b1) or (b2) where all solutions come from φ 0 violating the condition of full theory. Moreover, the solutions in case (b2) even have no bouncing behavior which is not foreseen in ordinary theory of LQC.
IV. CONCLUSIONS
The f (R) theory of gravity is a class of modified theories, which can explain some phenomena from cosmology and astrophysics, and has got much attention in the literature. In the paper, we considered the dynamics of f (R) theory in loop quantum cosmology in Jordan frame. We first considered the classical dynamics of f (R) cosmology, and then considered the effective dynamics of loop quantum cosmology of f (R). We focus on an important model of f (R) theory, i.e., R 2 theory. The classical theory is easy to analyze since there exists a global inequality (17) of energy density to control the dynamics and only one fixed point in collapsing world or expanding world. However the effective LQC of the theory is some complicate.
Firstly, we find a new fixed point in collapsing world which is a saddle point. Then by analyzing the critical solutions of the saddle point and considering the range of the value of scalar field of bouncing points, we get to know there are five classes of solutions of the system. Only one case of solutions has the property that the universe starting from low energy density states, bouncing at some point and then evolving back to the low energy density states, but these solutions are not large field inflationary solutions since they bounce at small fields. Other cases of solutions all have a history with φ < 0, which may be a problem of the theory since from the full theory of f (R) theory φ could not be zero, and the potential part of energy density defined in Eq. (22) should be positive. We also note that this phenomenon is not only a special case of R 2 model, but also a phenomenon of general f (R) theory. Another quite different thing is that not all solutions have the bouncing behavior, i.e., the solutions in case(b2). This means putting initial values at bouncing points used in the loop theory of Einstein-Hilbert action [24] [25] [26] may not be reasonable when considering the e-foldings and the probabilities of happening of inflation in R 2 model. And the initial values given at φ = 0 may be reasonable since only the case(a3) of solutions, which also are not inflationary solutions, are not the included.
At last, we want to say that the problem of φ = 0 may be solved in the general model of Brans-Dicke theory with ω > 0 since when considering the dynamics near the edge φ ∼ 0 + , one can find the kinetic energy of the energy density would makeφ → ∞, but the full dynamics of such model should be considered in detail which is not the work of the current work and may be considered in the future work.
